We derive a Hamiltonian for an extended spinning test body in a curved background spacetime, to quadratic order in the spin, in terms of three-dimensional position, momentum, and spin variables having canonical Poisson brackets. This requires a careful analysis of how changes of the spin supplementary condition are related to shifts of the body's representative worldline and transformations of the body's multipole moments, and we employ bitensor calculus for a precise framing of this analysis. We apply the result to the case of the Kerr spacetime and thereby compute an explicit canonical Hamiltonian for the test-body limit of the spinning two-body problem in general relativity, valid for generic orbits and spin orientations, to quadratic order in the test spin. This fully relativistic Hamiltonian is then expanded in post-Newtonian orders and in powers of the Kerr spin parameter, allowing comparisons with the test-mass limits of available post-Newtonian results. Both the fully relativistic Hamiltonian and the results of its expansion can inform the construction of waveform models, especially effective-one-body models, for the analysis of gravitational waves from compact binaries.
I. INTRODUCTION
The advent of gravitational wave astronomy-which has commenced with the first detection of a binary black hole merger [1] -promises to shed light on many profound questions in astrophysics and gravitational physics. The first such questions within the reach of gravitational wave observatories will concern the nature of gravity in the strong-field regime and the properties of black holes and neutron stars, as inspiraling and coalescing binary systems of such compact objects should be frequent sources, both for the advanced generation of ground-based gravitational wave detectors [2] [3] [4] and for future space-based detectors [5] , as well as for pulsar timing arrays [6] . Understanding in great detail the dynamics of such twobody systems, expected to be governed by general relativity, is thus a cornerstone objective of gravitational wave physics.
A sufficiently accurate and general solution to the relativistic two-body problem will require a synergy of results from both numerical and analytic computations. On the analytic side, two complementary approximation schemes are available: the post-Newtonian (PN) approximation expands about the Newtonian limit but is valid for arbitrary mass ratios [7, 8] , while the extreme-mass- * justin.vines@aei.mpg.de † daniela.kunst@zarm.uni-bremen.de ‡ jan.steinhoff@aei.mpg.de; http://jan-steinhoff.de/physics/ § tanjah@umd.edu ratio (EMR) approximation expands about the test-mass limit but is valid in the strong-field, relativistic regime. A synergistic approach is the effective-one-body (EOB) formalism [9, 10] , which incorporates information from the PN limit, the EMR limit, and numerical relativity in an attempt to provide an accurate effective description of two-body systems throughout the parameter space.
In the EMR approximation, the zeroth-order solution is given by a (point) test mass moving along a geodesic of a background black hole spacetime-the Schwarzschild spacetime of a nonspinning black hole or the Kerr spacetime of a spinning black hole. Corrections to this solution can proceed in two (intermingled) directions: Firstly, one can compute the perturbation to the gravitational field produced by the small body, its self-field, and the resultant influence on its motion. This is the goal of the "selfforce" paradigm, as reviewed e.g. by Refs. [11] [12] [13] . Secondly, one can compute "finite-size effects" on the small body's motion, due to its spin and to intrinsic and tidally induced deformations. Such finite-size effects in the EMR limit (neglecting the self-field) are the focus of this paper.
The equations of motion of a spinning (pole-dipole) test body in curved spacetime were first derived by Mathisson [14, 15] and Papapetrou [16] and were later extended to include the effects of higher multipoles by Dixon [17] ; see [18] for a review. The resultant dynamics of a spinning test body (to pole-dipole order) serves as the basis of the spinning EOB models of Refs. [19] [20] [21] [22] [23] , which employ the canonical Hamiltonian for a pole-dipole particle derived in Ref. [24] . The conservative dynamics of these EOB models is defined by the Hamiltonian of an effective spinning test particle in an effective spacetime which is a deformation of the Kerr spacetime, in the same way that the original EOB model [9, 10] was based on a nonspinning test particle in a deformation of the Schwarzschild spacetime. In both cases, the deformations encode finite-mass-ratio effects determined from PN calculations and vanish as the mass ratio goes to zero, so that exact (strong-field) results are recovered in the test-particle limit. We should note that other successful EOB models, including the original spinning EOB models [25, 26] , and more recently, e.g., Refs. [27] [28] [29] , do not incorporate the exact spinning test-particle limit (but do include the geodesic test-mass limit).
This paper extends the work of Ref. [24] , which was valid to linear order in the spin, or to dipolar order in the body's multipole expansion, to derive a canonical Hamiltonian for an extended test body in a curved background which is valid to quadrupolar order. We treat explicitly here spin-induced quadrupoles and all other spin-squared effects. Our methods also provide significant simplifications of some of the dipole-order calculations of Ref. [24] , as we employ crucial insights from Ref. [30] on the handling of generic spin supplementary conditions (SSCs) [conditions which fix a representative center-of-mass worldline for the test body] at the level of the action. We highlight how a change of the SSC, corresponding to a shift of the center-of-mass worldline, entails transformations of the body's multipole moments and corresponding modifications of the action and Hamiltonian. We use bitensor calculus [11, 31, 32] to provide a precise and manifestly covariant treatment of the worldline shift. We finally show, extending the linear-in-spin result in Ref. [24] , how use of the Newton-Wigner SSC [33] [34] [35] allows one to construct a Hamiltonian in terms of three-dimensional position, momentum, and spin variables with a canonical Poisson bracket structure. Beside Ref. [24] , a canonical formalism for spinning test-particles in general relativity was obtained in [36] through a direct construction of the symplectic structure and in [37] from an ADM canonical formulation.
The result for the canonical Hamiltonian can be summarized as follows. In a spacetime with coordinates x µ = (t, x i ) and an orthonormal frame (or tetrad) e a µ = (e 0 µ , e i µ ), the (reduced) phase space for a spinning test body consists of the spatial coordinates z i of its representative worldline z µ , their canonically conjugate momenta P i , and the frame spatial components S i = 1 2 ijk S jk = 1 2 ijk e j µ e k ν S µν of the spin tensor S µν , given as functions of the time coordinate t and obeying the canonical Poisson brackets (4.17). The Hamiltonian H(z, P, S) is defined by
where P µ = (P t , P i ) is the 4D canonical momentum whose time component is the minus the Hamiltonian, where N , N i , and γ ij are the lapse, shift, and inverse spatial metric as in (4.18) , and where the (canonical) effective dynamical mass µ(z, P, S) is given by (5.17),
Here, ω abc = e a µ (∇ µ e b ν )e cν are the Ricci rotation coefficients, C is a constant response coefficient measuring the test body's spin-induced quadrupolar deformation with C = 1 for test black holes, E (P ) ab is the electric part of the Weyl/vacuum-Riemann tensor with respect to P a (5.7), s a is the Pauli-Lubanski spin vector (5.14), and the frame components S 0i are determined by the solution (4.9) of the Newton-Wigner SSC. The constant mass m(S) is a function of the likewise constant spin length S = √ s a s a and encodes the moment of inertia [38] .
Our derivation of the Hamiltonian (and the covariant action principle which yields it) resolves some previous ambiguities concerning the adjustability of the coefficients of the curvature coupling terms in the last line of (1.2), as we discuss in particular below (2.21) and below (5.16) .
By specializing to the case where the background spacetime is Kerr, we arrive at a canonical Hamiltonian for the test-body limit of the relativistic spinning two-body problem, valid to quadrupolar order in the test body's multipole expansion. Our results complement those of Refs. [39] [40] [41] [42] , which have also considered spin-squared effects for test bodies in Kerr, with one notable new feature of our results being that they allow for generic orbits and spin orientations. Of particular interest in this respect are compact (covariant) expressions for the Riemann tensor and its couplings to the spin which are valid for generic orbits, obtained by exploiting the algebraic specialness of Riemann tensor in Kerr. Other treatments of spinning test-particle motion in algebraically special spacetimes can be found e.g. in Refs. [43, 44] .
While much of our analysis and many of our intermediate results are fully covariant, our final result for the canonical Hamiltonian in Kerr depends on a choice of coordinates and a choice of tetrad. We find that a comparison with PN results can be relatively easily accomplished by using Boyer-Lindquist coordinates and the "quasi-isotropic" tetrad of [24] , though we also trace the relationship between this tetrad and the one used by Carter [45, 46] which diagonalizes the electric and magnetic components of the Riemann tensor. Other choices of coordinates and tetrads are likely to yield other useful forms of the Hamiltonian, as in [47] , which showed that numerical evolution of the (linear-in-spin) Hamiltonian system is improved by using Kerr-Schild coordinates and an associated tetrad. We provide here all results, including the Ricci rotation coefficients and the Riemann tensor components, to explicitly compute the Hamiltonian (1.1) in Kerr for the two tetrads of [24] and [45, 46] .
[We should note that explicitly expressing H requires algebraically solving Eqs. (1.1) and (1.2), since µ depends on P t , but this is easily done working perturbatively in the test spin; see (7.31) .] While our Hamiltonian is valid only to zeroth order in the mass ratio and to spin-squared/quadrupolar order in the test body's multipole expansion, it is valid to all PN orders and to all orders in the spin parameter of the Kerr black hole. Expanding the Hamiltonian in powers of the Kerr spin and in PN orders allows us to make comparisons with the test-mass limits of the results of high-order PN calculations, notably, those of Refs. [30, [48] [49] [50] [51] [52] for next-to-leading-order spin-squared couplings, Refs. [37, [53] [54] [55] [56] for next-to-next-to-leading-order spinorbit interactions, and Refs. [50, [57] [58] [59] [60] for leading-order couplings at third-and fourth-orders in the spins. We find complete agreement with the test-mass limits of all available (complete) PN results. We remark that the full finite-mass-ratio PN results for the leading-PN-order spin couplings for binary black holes, through fourth order in the spins, can all be "deduced" from the results in the test-mass limit.
While our final spinning test-body Hamiltonian is expressed in terms of canonical variables defined by the Newton-Wigner SSC, we provide the explicit translation into variables defined by other SSCs, and in particular by the more physically motivated "covariant" or Tulczyjew SSC [17, 61, 62] . Future work in developing effective Hamiltonians for the spinning two-body problem is likely to benefit from a detailed analysis of how to expound upon this translation-relating different definitions of position, momentum, spin, and quadrupole variables-with explicit connections to the definitions used in other approaches to the spinning two-body problem, including (i) the effective action approaches to spin effects in PN theory (see e.g. [30, 58] ), (ii) self-force calculations and their uses in determining EOB potentials (see e.g. [63] [64] [65] ), and (iii) extracting appropriate measures of the mass, spin, and other multipole moments of black holes and fluid bodies in numerical relativity simulations (see e.g. [66] ).
We begin in Sec. II by discussing constrained action principles for a spinning test body, summarizing how a formulation in terms of generic-SSC variables is related to one in terms of covariant-SSC variables. Section III applies results from bitensor calculus to derive the transformation properties summarized in Sec. II. We use the Newton-Wigner SSC to achieve canonical variables in Sec. IV. We specialize to a spin-induced quadrupole and decompose the couplings to the Weyl/vacuum-Riemann tensor in terms of its electric and magnetic parts in Sec. V. We specialize to the Kerr spacetime and its algebraically special Riemann tensor in Sec. VI, and we collect the necessary results and perform the PN expansion in Sec. VII. We conclude in Sec. VIII.
II. EQUATIONS OF MOTION AND ACTION PRINCIPLES
The motion of an extended test body in curved spacetime is described, in a multipolar approximation, by the Mathisson-Papapetrou-Dixon (MPD) equations [14, 16, 17] , which are given to quadrupolar order by
where p µ is the linear momentum vector, S µν is the antisymmetric angular momentum (or spin) tensor, and J µναβ is the quadrupole tensor, all of which are tensors defined along a representative worldline z µ (s) with tangentż µ = dz µ /ds, where s is an arbitrary parameter. Our sign convention for the Riemann tensor is given by
, and we use the (−, +, +, +) metric signature. The quadrupole J µναβ may depend on certain internal degrees of freedom of the body, or (as in the case of a spin-induced quadrupole, or an adiabatic tidally induced quadrupole) it may be determined by only p µ , S µν , and the local geometry along z µ . In the latter case, Eqs. (2.1) and (2.2) completely determine the evolution of p µ and S µν along a given worldline z µ ; however, they do not single out a choice of worldline.
A fully determined system for evolving p µ , S µν , and z µ can be obtained by enforcing a spin supplementary condition (SSC), of the form S µν f ν = 0. This corresponds to demanding that the body have a vanishing mass dipole about z µ in the local Lorentz frame defined by a timelike vector field f µ . The worldline z µ follows the body's center of mass as measured in the frame of f µ . The most common and physically sensible choice for the SSC is to use the body's rest frame, i.e. f µ = p µ , yielding the "covariant" (or Tulczyjew [17, 61, 62] ) SSC:
where we denote quantities defined by the covariant SSC with a tilde. We also later insert tildes on indices for the tangent space at the pointz, as inSμνpν = 0, to distinguish them from unadorned indices for the tangent space at the point z, but we avoid the clutter of tilded indices unless it is necessary. Another useful choice, due to its utility in achieving 3D canonical variables, is the class of Newton-Wigner SSCs [33] [34] [35] , defined in terms of an arbitrary unit timelike vector field e 0 µ by
We discuss first in Sec. II A an explicit action principle for the quadrupolar MPD equations which enforces the covariant SSC. In Sec. II B, we discuss how to generalize to an action which enforces a generic SSC, and we follow the change of variables that relates quantities defined by the covariant SSC to those defined by a generic SSC. In Secs. II-III, we use unadorned symbols for quantities defined by a generic SSC, and these become those defined by a Newton-Wigner SSC in Sec. IV, with tildes denoting covariant-SSC quantities throughout.
A. Action for the covariant SSC An explicit action functional which yields the quadrupolar MPD equations (2.1, 2.2) while enforcing the covariant SSC is given by [38, 67] 
The independent degrees of freedom to be varied here are the momentump µ , the spinS µν , the worldlinez µ , and a "body-fixed" orthonormal tetradΛ A µ along the worldline, satisfying η ABΛ A µΛ B ν = g µν , from which the (antisymmetric) angular velocity tensorΩ µν is defined as
The "Dirac Hamiltonian"H D consists only of constraints (not involving derivatives) with Lagrange multipliers, and the action (2.5) is thus reparametrization-invariant:
The Lagrange multiplierχ µ enforces the covariant SSC, S µνp ν = 0, while the Lagrange multiplier λ enforces the "mass-shell constraint",p 2 = −M 2 . The "dynamical mass" functionM(p,S,z) includes, in addition to restmass or other internal energy contributions, couplings between the body's multipoles and the background spacetime curvature. TakingM to depend onz only through the metric and the Riemann tensor evaluated atz leads to the quadrupolar MPD equations (2.1, 2.2), with the quadrupole given bỹ
We will return in Sec. V to discuss the specific form of M which corresponds to a spin-induced quadrupole, but for now we leave it as a general function ofp,S, and the metric and the Riemann tensor atz. That the variation of the action (2.5) yields the MPD equations (2.1, 2.2) with (2.8) is shown in Appendix A. The MPD equations and the covariant SSC can then be used to solve for the relationship between the tangenṫ z µ and the momentump µ , thus yielding complete evolution equations forp µ ,S µν , andz µ [39, 58, 68] . One finds, however, that the Lagrange multiplierχ µ cannot be eliminated from the equation of motion forΛ A µ . This corresponds to a residual freedom to choose the timelike componentΛ 0 µ of the tetrad [69] . A consistent and physically sensible choice isΛ 0 µ =p µ / −p 2 ; see also [70] .
B. Action for a generic SSC
Having in hand the action (2.5) which yields the MPD equations while enforcing the covariant SSC, we now turn to generalizing this action to accommodate an arbitrary SSC. We will find, following Refs. [30, 69] , that this can be accomplished by a judicious change of variables in the action (2.5) . We arrive at a new action which yields the same form (2.1, 2.2) of the MPD equations for moments p and S along the worldline z defined by a generic SSC, but which entails additional curvature couplings not present/relevant for the case of the covariant SSC, which modify the relationship between the quadrupole J (or the effective dynamical mass M) and p, S and z.
For the first step of the change of variables, following [ 
As shown in [30] , if this is accompanied by the following transformation of the spin tensor,
then the rotational kinematic term in the action transforms according to 
This is the "spin gauge constraint" discussed by [69] , in which the timelike componentΛ 0 µ of the body-fixed tetrad plays the role of a gauge field parametrizing a generic choice of SSC defined by C µ = 0. We obtain the "spin gauge invariant" action functional presented in [69] by using (2.10) and (2.11) in (2.5) and modifying the χ constraint to match (2.12):
where the original covariant-SSC dynamical massM, given as a function of the original spinS µν , is expressed in terms of the new spinS µν viaS µν =P µ αP ν βS αβ , which follows from (2.10), whereP
2 is the projector orthogonal top µ . The action (2.13) can also be obtained by a "minimal coupling to gravity" of the one derived in the context of special relativity in [69] .
In the case of flat spacetime, Ref. [69] demonstrated that C µ is a first class constraint, and thus a generator of infinitesimal gauge transformations, and that the action (2.13) is invariant under these "spin gauge transformations". These transformations induce infinitesimal Lorentz transformations of the tetradΛ 0 µ and corresponding shifts,S µν →S µν + 2p [µξν] , of the spin, similar to (2.9) and (2.10), while leaving the momentump µ and the worldlinez µ invariant. It is important to note that the worldlinez µ here corresponds to the worldline defined by the covariant SSC,S µνp ν = 0, and by the MPD equations forp µ andS µν . It is not the worldline defined by the generic SSC C µ =S µν (p ν / −p 2 +Λ 0 ν ) = 0 and the MPD equations forp µ andS µν ; the equations of motion forp µ andS µν resulting from the action (2.13) are in fact not the MPD equations. The action (2.13) would yield the MPD equations if the Dp µ /ds term were removed.
We can transform the action (2.13) into a form which does yield the MPD equations by making further changes of variables, including a shift of the worldline to that defined by the new generic SSC. We will see that the necessary worldline shift, fromz(s) to a new worldline z(s), to quadratic order in the spin, is given by moving a unit interval along the affinely parametrized geodesic whose initial tangent is the vectorξ atz given by (2.10). In other words, z is the "exponential map" ofξ atz,
andξμ is the "deviation vector" atz pointing to z. Here, we have inserted tildes on indices for the tangent space atz to distinguish them from unadorned indices for the tangent space at z. We can then define a new tetrad Λ A µ and spin S µν at z by parallel transportingΛ Aμ andSμν along the geodesic fromz:
where g µμ (z,z) is the parallel propagator [11, 32] along the geodesic fromz to z, and where the second equalities have used (2.9) and (2.10) to relate back to covariant-SSC quantities. Finally, in order to obtain a canonical form for the action (and one which yields the MPD equations), we will find that we must transform to a new momentum p µ at z according to
(2.17)
With these transformations, as shown in the following section, the action (2.13) becomes
where Ω µν = Λ A µ DΛ Aν ds and 20) which is the deviation vector at z pointing toz, at least to quadratic order in spin, as
. The original dynamical massM is expressed in terms of the new variables, to O(S 2 ) accuracy, by using the same functional form ofM as for the original covariant-SSC variables but with the spin replaced by its projection P
As shown in Appendix A, the equations of motion resulting from the action (2.18) are the MPD equations (2.1,
2.2) [+O(S
3 )] with the quadrupole given by
The contributions involving ξ µ arise from the shift (2.19) of the effective dynamical mass, which introduces new curvature couplings arising from the use of a generic SSC rather than the covariant SSC. These couplings vanish (on the constraint surface) for the case of the covariant SSC, and one can see that the generic action (2.18) reduces to the covariant-SSC action (2.5) when the gauge field Λ 0 µ is taken to be p µ / −p 2 . These results (unlike those in Sec. V) are valid for both vacuum and nonvacuum spacetimes.
The new curvature couplings in (2.19) arise here from the transformations (2.16) and (2.17) of p µ and S µν , and these arise, as shown in the following section, from demanding that the transformation from the covariant-SSC action (2.5) to the generic-SSC action (2.18) preserves the canonical forms of the kinematic terms (the terms with s-derivatives). This coincides with ensuring that the generic action (2.18) also yields the MPD equations (2.1, 2.2), as is shown in Appendix A, which provides a physical justification of the action (2.18) via the derivation of the MPD equations from stress-energy conservation [17] .
For further insights into the transformation laws (2.16) and (2.17), we can note: the final expressions of (2.16) and (2.17) for p µ and S µν are the results of solving the MPD equations along the geodesic connectingz to z, withpμ andSμν as initial data atz, through O(S 2 ). We can also note: the holonomy of the MPD equations around a loop of size S/p is the identity map through O(S 2 ); see Eq. (4.14) of Ref. [71] with κ = 1/2. In both of these statements, the quadrupole terms in the MPD equations do not contribute at the stated orders. It seems clear that the transformations (2.16) and (2.17) of p µ and S µν under a shift of the worldline should follow from their definitions in terms of the body's stress-energy tensor given by Dixon [17] , and likewise for the transformation (2.21) of J µναβ . While making this connection explicit would require a careful analysis of the role of the surfaces of integration in Dixon's definitions, our analysis of the effective action here avoids this complication.
We will use the generic action (2.18) as our starting point in Sec. IV, where we specialize to the NewtonWigner SSC. First, in Sec. III, we provide a derivation of how the covariant-SSC action (2.5) is transformed into the generic-SSC action (2.18) via the transformations (2.17), (2.16), (2.14), and (2.15) of p, S, z, and Λ, whose inverses are (3.14), (3.15), (3.1, 3.13), and (3.16) below.
III. COVARIANT SHIFT OF THE WORLDLINE
We now show how to consider the shift of the worldline and the transformations of quantities defined along the worldline, in a manifestly covariant manner, using the language of bitensors [11, 17, 32, 72, 73] . An alternative derivation is presented in Appendix B.
It will be convenient to start with the worldline z(s) defined by a generic SSC and shift to the worldlinez(s) defined by the covariant SSC. In general, a new worldlinẽ z(s) can be specified by a deviation vector field ξ µ (s) along an old worldline z(s), according tõ
where σ(z,z) is Synge's world function [11, 32] , giving half the squared proper interval along the geodesic connecting z toz. The pointz is reached by traveling a unit interval along the affinely parametrized geodesic starting at z with tangent ξ µ , as in Fig. 1 . Differentiating the second relation in (3.1),
and solving for the tangent toz(s) yieldṡ
where
are the "Jacobi propagators" [17, [72] [73] [74] , with the second equalities giving their expansions in powers of the deviation vector [73] . Thus,
5) which gives the tangent to the covariant-SSC worldlinẽ z(s) in terms of the generic-SSC worldline z(s) and the deviation vector ξ µ (s) along z(s). Let us take the momentumpμ atz to be related to the new momentum p µ at z bỹ
where δp µ is an O(S 2 ) correction to be determined, anticipating that ξ = O(S). Then,
where we have used (3.5) and the expansions of the derivatives of the parallel propagator [11] ,
8)
Similarly, taking the intermediate body-fixed tetradΛ Aμ of (2.9) atz to be related to the new tetrad at z by parallel transport,Λ Aμ = gμ µ Λ A µ , we have
10) and thus,
with Ω µν andΩμν as defined in (2.6) and below (2.11). Finally, the intermediate spinSμν of (2.10) atz is parallel transported into the new spin S µν at z, as in (2.16).
Putting everything together, we find that the kinematic terms of the action (2.5) transform according tõ
We see that we can remove the last two terms by choosing the deviation vector to be
We then see that p µ will be (covariantly) conjugate to z µ if we choose
which is the inverse of (2.17). The complete transformation from generic-to covariant-SSC variables is then given by (3.14) and 16) along with the worldline shift defined by (3.1) and (3.13).
In the end, (3.12) has becomẽ (3.17) and inserting this into the covariant-SSC action (2.5) yields the generic-SSC action (2.18), with appropriately modified Lagrange multiplier terms. The expression (2.19) for the effective squared dynamical mass M 2 = −p 2 follows from the transformation (3.14) of p µ and fromM 2 = −p 2 .
IV. CANONICAL HAMILTONIAN
We now take the final form (2.18) of the action for a generic SSC and specialize to the Newton-Wigner SSC (2.4), in order to obtain a Hamiltonian formulation in terms of 3D dynamical variables with canonical Poisson brackets.
This involves a choice of an arbitrary fixed orthonormal frame or tetrad e a µ on the background spacetime, satisfying e a µ e bµ = η ab , where η ab is the Minkowski metric and is used to raise and lower the frame indices. We write e a µ = (e 0 µ , e i µ ), where the frame indices a, b, c, . . . take values 0 for the temporal component and i, j, k, . . . = 1, 2, 3 for the spatial components. We also use A = (0, i) for the body-fixed frame indices on Λ A µ . We continue using Greek letters µ, ν, α, β, . . . for coordinate-basis indices (though they could also have been interpreted as abstract indices up to now). The Greek coordinate-basis indices take values t for the time coordinate and i, j, k, . . . (= r, θ, φ, say) for the spatial coordinates, with the unitalicized font distinguishing the latter from spatial frame indices i, j, k. We use frame components of tensors such as p a = (p 0 , p i ) = e a µ p µ , to be distinguished from the coordinate-basis components p µ = (p t , p i ).
With this notation in order, we consider the generic-SSC action (2.18):
As discussed in [69] , the spin gauge constraint,
is not itself a SSC, but it becomes a specific SSC with a specific choice of the "gauge field" Λ 0 a . The following
The first choice represents the covariant Tulczyjew SSC [61, 62] and the second yields the Corinaldesi-Papapetrou SSC [34, 75, 76] . The third condition (4.5), leading to the Newton-Wigner (NW) SSC [33] [34] [35] , will be the one used here. The NW SSC allows one to formulate a canonical phase space algebra for the reduced degrees of freedom on the constraint surface, as we shall see below. In general relativity, this SSC saw a widespread use only more recently. It was employed for post-Newtonian calculations in [30, [77] [78] [79] , where [30, 78] apply it in the Feynman rules, in the ADM canonical formulation of spin [79, 80] , for the test-spin Hamiltonian in [24] , and at the level of the MPD equations in [81] . However, while Refs. [24, 77, 78] use the condition on the spin in (4.5), their condition on Λ 0 a differs from (4.5). It is useful to write the rotational kinematic term in the action in the local frame, 6) where dots denote the ordinary derivative d/ds, and
are the Ricci rotation coefficients. Choosing the NW SSC (4.5) removes all temporal components from the SΛΛ term (notice that also Λ A 0 = δ 0 A ), leaving only spatial components:
where we understand that the first index of Λ ki refers to the body-fixed frame and the second one to the local frame. Thus, the RHS of (4.8) provides a canonical kinematic term for the physical degrees of freedom Λ ij and S ij , and the dependent degrees of freedom Λ 0 µ and S 0i have no kinematic terms. The latter are fixed by the gauge choice Λ 0 a = δ a 0 and the resultant NW SSC (4.5), which can be solved to yield
having used p 2 = −M 2 . These arguments allow us to avoid the Dirac brackets for handling the constraints, which would be considerably more complicated [24] .
where we have defined a new momentum,
whose coordinate-basis components P µ = (P t , P i ) are canonically conjugate to the worldline coordinates z µ = (t, z i ). We refer to P µ as the canonical momentum and to p µ as the covariant momentum, and we work with both below.
The form (4.10) of the action still has unphysical degrees of freedom associated with reparametrization invariance. We can fix these by choosing the worldline parameter to be the time coordinate, s = t, so thatṫ = 1, and thus,
We can then solve the mass-shell constraint p 2 = −M 2 for P t , using (4.11) . This is most easily accomplished order by order in the spin, and we will discuss the solution to linear order in the following subsection and to quadratic order in Sec. VII. Having solved both constraints, H D vanishes, and we obtain from (4.10) and (4.12) the final canonical form of the action,
A variation of the action with respect to the dynamical variables z i , P i , Λ ij , and S ij leads to the equations of motioṅ
These have the form of Hamilton's canonical equations with H being the Hamiltonian. The canonical Poisson brackets for the dynamical variables z i , P i , and S ij can be "read off" from these equations of motion as
with all others vanishing.
A. Hamiltonian to linear order in spin
We can find the explicit Hamiltonian H = −P t to linear order in the spin by solving the mass shell constraint p 2 = −M 2 for P t in terms of z i , P i , and S ij , using P µ = p µ + 1 2 ω µ ab S ab as in (4.11), and using the solution for S 0i given by (4.9). Defining the lapse N , shift N i , and inverse spatial metric γ ij of the background spacetime,
we find
where The Hamiltonian becomes somewhat simpler if we adopt the "time gauge" [82] , i.e. if we specialize the local Lorentz frame e a µ so that its timelike vector points along the direction of the time coordinate, so that e and also e a t = δ 0 a /N . We will refer to this choice as a time-aligned tetrad from now on. This choice also implies that P 0 = N P t and thus, from (4.18) and (4.20), thatP 0 = Q. It also implies thatP i = e ij P j = P i = P i , which is then independent of P t . We can then write the Hamiltonian (4.19) as
whereP a = (Q, P i ), with H NS and Q still given by (4.20) . This agrees with Eqs. (4.41-45) of [24] if we note ω µab = 2E µab and mind some raised and lowered indices and changes of bases.
V. CURVATURE COUPLINGS AT QUADRATIC ORDER IN SPIN
At quadratic order in the spin, the action is still given by (4.13), with the Hamiltonian H = −P t determined by solving the mass-shall constraint p 2 = −M 2 , where P µ = p µ + 1 2 ω µ ab S ab as in (4.11). But we must now also take into account the spin-squared contributions to the effective dynamical mass M, which arise both from intrinsic couplings in the covariant-SSC dynamical mass M and from what one might call the kinematic couplings of (2.19),
The form of the covariant-SSC dynamical massM which encodes a spin-induced quadrupole moment is given by [38, 48, 80 ]
where m and C are constants, and
is the projection of the spin tensor orthogonal to the momentum (which coincides with the covariant-SSC spin tensorSãb, up to parallel transport, at the considered order). The constant C measures the body's spin-induced quadrupolar deformation response. It is equal to 1 when the body is a black hole [48, 83] , and we will see that special simplifications occur in this case. For material bodies such as neutron stars, C depends on the equation of state [83, 84] . The constant mass m(S) is a function of the likewise constant spin length S =
2
SabS ab and encodes the moment of inertia [38] . Notice that the spin length is defined with the projected spin tensor (or with the covariant-SSC spin tensor).
The couplings to the Riemann tensor--the kinematic couplings of (5.1) and the intrinsic spin-induced quadrupole coupling of (5.3)--can be better understood by using the electric/magnetic decomposition of the Weyl tensor. This goes hand-in-hand with the decomposition of the spin tensor S ab in terms of a Pauli-Lubanski spin vector s a (5.14) and the vector −p 2 ξ a which encodes the mass dipole.
We restrict attention to vacuum spacetimes in four dimensions. Then the Riemann tensor equals the Weyl tensor, and it can be decomposed into contributions from an electric part E µν with respect to a timelike vector p µ [85] [86] [87] . In a compact complex notation this reads
is the tensor which projects a 2-form onto (four times) its anti-self-dual part, where the volume form is η µναβ = √ −g µναβ or η abcd = abcd with 0123 = 1, and where * R acbd = ab are orthogonal to p a , and thus effectively three-dimensional, and are symmetric and trace-free, making them easier to handle than R abcd . The following useful relations hold,
Note that a proof of (5.10) can require using η [abcd p e] = 0. In (5.11), the equality of the left and right duals of the Riemann tensor was used. From these relations together with (5.6), the Riemann tensor can be recovered as the real part of 
where the Pauli-Lubanski spin vector s a is defined as
One further useful identity, which follows from (5.12), is
By combining (5.1), (5.3), (5.13), and (5.15), we can express the total effective dynamical mass as
The R abcd S ab S cd coupling was also considered e.g. in [88, 89] , but therein the prefactor is an arbitrary constant, analogous to C here. However, the present derivation shows that this prefactor is actually fixed (by kinematics). As was argued in [30] , the only nonminimal couplings which carry arbitrary coefficients should be constructed from the projected spinS ab (or the vector s a ). The coupling terms agree with [48] in the case of the covariant SSC.
Using (5.16), and using P a = p a + 1 2 ω a bc S bc as in (4.11), we can rewrite the mass-shell constraint p 2 = −M 2 as
We can then give a formal solution for the Hamiltonian as
This is only a formal solution because µ 2 depends on P t . But because this dependence starts only at O(S), this equation can be relatively easily solved for P t order by order in the spin. We saw the fully expanded solution to linear order in spin, for the general case in (4.19), and with a time-aligned tetrad, e We give the solution to quadratic order, in the case of a time-aligned tetrad, in (7.31).
We conclude this section with a remark on the conserved spin length. The action (4.1) has a symmetry under spatial rotations of the body-fixed frame. The corresponding Noether conserved quantity is the spatial spin in the body-fixed frame Λ i a Λ j b S ab . Contracting this tensor with itself, we obtain the conserved scalar
where S is the conserved spin length. It should be noted that the scalar S ab S ab is in general not conserved. The constant mass m(S) is actually a function of S and encodes the moment of inertia [38] .
VI. THE KERR SPACETIME AND ITS RIEMANN TENSOR
We now specialize to the case where the background is the Kerr geometry, giving the vacuum spacetime around a spinning black hole with mass M and angular momentum M a. The metric in Boyer-Lindquist coordinates (t, r, θ, φ) reads
The Riemann tensor of the Kerr spacetime is algebraically special, of Petrov type D, meaning that it has two repeated principal null directions (PNDs) [90, 91] . As follows from the decomposition of the Weyl tensor in terms of the Weyl spinor, the Riemann/Weyl tensor of any vacuum type D spacetime can be written, along with its dual, in the compact complex form
Here, ψ is a coordinate-invariant complex scalar amplitude, G acbd is as in (5.8), and
where τ ab is the real simple bivector/2-form spanned by the two PNDs (with τ ab τ ab = 2, with the sign of τ ab being inconsequential), and χ ab = * τ ab = 1 2 η ab cd τ cd is its dual. It is convenient to use the orthonormal tetrad e a µ on Kerr introduced by Carter [45, 46] , for which the two PNDs are the directions of e 0 µ ± e 1 µ , given by
with a = (0, i) = (0, 1, 2, 3) running down and µ = (t, i) = (t, r, θ, φ) running across. We will refer to the tetrad e a µ as the curvature-aligned frame. The components of the 2-forms τ ab and χ ab are given in this frame by
The complex amplitude ψ for Kerr is given by
where we have defined the real scalars E and B, with signs chosen to make them both positive in the region of interest. Using (6.3), the electric and magnetic parts of the Riemann tensor (5.7) with respect to p a are compactly and covariantly expressed as
If we take the electric/magnetic decomposition with respect to the timelike component of the curvature-aligned frame e 0 a , instead of p a , then the components of E ab and B ab in the curvature-aligned frame are purely spatial, symmetric, trace-free, diagonal tensors given by (6.10) where n i = δ 1 i . These results allow us to easily generate explicit expressions for the curvature couplings (5.16) in Kerr, using either the fully covariant expressions (6.3) and (6.8) for the Riemann tensor and its electric and magnetic parts, or the particularly simple components (6.9) in the curvature-aligned frame. We will carry this to fruition for two cases of interest. First, in Sec. VI A, we calculate the curvature couplings in the curvature-aligned frame e a µ , restricting attention to the case C = 1. Then, in Sec. VI B, we consider general values of C and general tetrads, and we introduce a second tetrad f a µ , given by a boost of e a µ , which satisfies the time-aligning condition discussed above (4.21).
A. Curvature couplings for a test black hole in the curvature-aligned frame
Here we write out the C = 1 curvature couplings in the dynamical mass (5.16) in terms of the curvature-alignedframe components of the spin tensor S ab . We can exploit an identity analogous to (5.15), using the decomposition (5.12) but with p a → e 0 a , to express the dynamical mass (5.16) with C = 1 as
where we have defined vectorsŝ a andξ a analogous to (5.2) and (5.14) but with p a → e 0 a ,
whose frame components are purely spatial and are given directly by the frame components of the spin tensor S ab . Using (6.11) with (6.9) then gives the remarkably simple result
14) in the curvature-aligned frame with C = 1.
Recall that the temporal components S 0i of the spin tensor are determined by solving the SSC, which gives them in terms of the spatial components S i = 1 2 ijk S jk and the momentum p a = (p 0 , p i ) with p 2 = −M 2 . For the NW SSC, as in (4.9), we have
For the covariant SSC,S abp b = 0, we would havẽ
Curvature couplings for general test bodies
In a general frame
Using (6.8), and noting that p a s a = p a ξ a = s a ξ a = 0, the curvature couplings in the dynamical mass (5.16) can be expressed as
The components of the Pauli-Lubanski spin vector and the mass dipole vector, 19) are given in a general orthonormal frame by
with S i = 1 2 ijk S jk and with S 0i determined by the SSC, as in (6.15) or (6.16).
The only further ingredients needed for an explicit expression of the curvature couplings are the components of the 2-forms τ ab and χ ab in a given orthonormal frame. These are given by (6.6) above in the curvature-aligned frame e a µ , and by (6.25) below in a new time-aligned frame f a µ , which we now describe.
2. In the time-aligned frame with the Newton-Wigner SSC
Consider the tetrad f a µ which is obtained by boosting the curvature-aligned tetrad e a µ of (6.5) to achieve the
This coincides with the "spheroidal" tetrad used in [24] . The components of the 2-forms τ ab and χ ab in this frame are then obtained from (6.6) and (6.21) as
It is convenient now to introduce a 3-vector notation for the spatial frame components of vectors, as in p = (p i ) and S = (S i ) with p · S = p i S i and p × S = ( ijk p j S k ). Defining the (radial) unit vector n = (n i ) = (δ 1 i ) and a vector a = (a i ) representing the spin of the Kerr black hole, 27) the boost velocity vector v = (v i ) from (6.23) and (6.26) is given by
Then, from (6.25) and (6.20), using the solution (6.15) to the NW SSC, the scalars (6.18) entering the curvature couplings (6.17) can be written as
, (6.30) with Ŝ being an auxiliary spin vector and with ξ = (ξ i ) as in (6.20) . We thus have fully explicit 3-vector expressions for the curvature couplings (6.17), if we also note that s a s a = S 2 and ξ a ξ a = ξ 2 , and that E, B, v, and γ can be expressed in terms of M , r, a, and n · a = a cos θ via (6.2), (6.7) and (6.23).
VII. EXPLICIT CANONICAL HAMILTONIAN IN THE TIME-ALIGNED FRAME(S) AND ITS POST-NEWTONIAN EXPANSION
Having found useful expressions for the curvature couplings, the last major step in evaluating the Hamiltonian defined by (5.17) and (5.18) in Kerr is to evaluate the Ricci rotation coefficients for a given choice of tetrad. We address this in Sec. VII A, giving results for the (spherical) time-aligned frame f a µ , and introducing a new (Cartesian) time-aligned frame g a µ which is obtained from a spatial rotation of f a µ . We find that the PN expansion is most easily accomplished by using the rotation coefficients of the g-frame expressed in the fframe. We also present the rotation coefficients of the curvature-aligned frame e a µ in Appendix C. In Sec. VII B, we take the fully relativistic Hamiltonian defined by the g-frame (expressed in the f -frame) and generate its PN expansion. We are able to recover the test-mass limits of all (fully) known PN spin couplings in the center-of-mass frame through 4PN order. Some further results (including next-to-next-to-leadingorder spin-squared couplings at 4PN and next-to-leadingorder spin-cubed couplings at 4.5PN) are available upon request.
A. Rotation coefficients for the spherical and Cartesian time-aligned frames
Given an orthonormal frame f a µ = (f 0 µ , f i µ ), its Ricci rotation coefficients,
with ω
acb , are conveniently encoded in the two 4×3 matrices
For the spherical time-aligned tetrad f a µ (6.24), one finds
The same matrices for the curvature-aligned e-frame are given in Appendix C. They have the same pattern of nonzero components, but the expressions for the eframe components are somewhat less lengthy than the f -frame results given here, allowing us to easily write the exact e-frame coefficients in a 3-vector notation (which we do not do for the exact f -frame coefficients). The advantage of the f -frame over the e-frame comes in the post-Newtonian expansion, as we can see that several components of ω (f ) abc are shifted to higher orders in M/r and a/r relative to those in ω (e) abc . Further such simplifications for the PN expansion can be achieved by using a third "Cartesian timealigned" tetrad g a µ , which coincides with the "quasiisotropic" tetrad of [19] . It is obtained from f a µ by a spatial rotation-the rotation that takes the sphericalcoordinate triad (e r , e θ , e φ ) into the Cartesian triad (e x , e y , e z ) in flat space-,
We will find it most convenient to use the rotation coefficients ω (g) abc of the g-frame, but expressed in the f -frame:
where the second line follows from f a µ = R b a g b µ , (7.1), and (7.1) with f → g. We find that the components of our hybrid rotation coefficients ω abc are given by
B. Post-Newtonian expansion of the Hamiltonian
The above results for the rotation coefficients ω abc complete the list of ingredients needed for an explicit expression of the canonical Hamiltonian defined by (5.17) and (5.18) . We recall that the Hamiltonian is given by H = −P t , where P µ = (P t , P i ) are the coordinate-basis components of the canonical momentum P a , which is related to the covariant momentum p a by
The Hamiltonian H = −P t is found by solving the mass shell constraint (5.17),
for P t . A formal solution is given by (5.18) above, and the solution explicitly expanded to quadratic order in the test spin is given by (7.31) below.
The following subsections collect results for the Kerrspin and PN expansions of the rotation coefficients, the spatial triad, and the metric coefficients, and for the testspin expansion of the Hamiltonian. The results of the PN expansion are then presented and discussed in Sec. VII C.
Expansion of the rotation coefficients
The components of the rotation coefficients are conveniently encoded in the vector h a of (7.12), which is expressed via (7.9) as
14)
The results can be given in a 3-vector notation by expressing the components h 0 and h = (h i ) in terms of S = (S i ) and S 0 = (S 0i ). The only other 3-vectors that will appear in these expressions are the radial unit vector n and the Kerr spin vector a of (6.27) , and the only other quantities involved are the Kerr mass M and the Boyer-Lindquist radial coordinate r. We present the results here as an expansion in the Kerr spin a:
, keeping all powers of M/r, we have 20) where
At O(a 2 ) and O(a 3 ), expanding in M/r, we have
2. Expansion of the spatial triad; coordinate-basis versus frame components of the canonical momentum
While our expressions for the spin coupling terms in (7.13) involve the spatial components P i = P i of the f -frame components P a = (P 0 , P i ) of the canonical momentum, our true canonical variables are the spatial components P i of the coordinate-basis components P µ = (P t , P i ) of the canonical momentum. The two are related by (6.24) . Writing these two sets of components in 3-vector notation, with (e flat ) i i = diag(1, 1/r, 1/r sin θ) i i ,
(which are in two distinct spherical-like orthonormal bases [(e r , e θ , e φ )] which will now be identified component-wise), the explicit relationship P i = f i j P j , expanded in the Kerr spin but not in PN orders, is given by
The translation needed to connect with the curvature coupling results of Sec. VI B, where we denoted the spatial f -frame components of the covariant momentum as the 3-vector p = (p i ), is simply p = P (f ) + O(S), from (7.12).
Expansion of the metric coefficients
The lapse N , shift N i , and inverse spatial metric γ ij of (4.18) are given by
and
Expansion in powers of the test spin
The explicit expression of the Hamiltonian H = −P t , expanded to quadratic order in the test spin-in a general spacetime, using the frame components of a general tetrad obeying the time-aligning conditions-can be found by perturbatively solving equation (7.13) for P t , using (7.12), (4.9), and (4.18). One finds
and wherê 7.33) are the solutions for h a and S 0i to linear order in the test spin.
C. Results of the post-Newtonian expansion
Taking the results of Sec. VI B for the curvature couplings in the f -frame, and the results of Secs. VII B 1-VII B 3 for the expanded f -g-hybrid-frame rotation coefficients and spatial triad and the metric, and substituting them into (7.31) yields the explicit expression of the Hamiltonian H( z, P , S), where z = r n, n = (δ 1 i ), P = (e flat ) i i P i , and S = (S i ). It is in a form which can be easily expanded in powers of the Kerr spin a and then further expanded in PN orders, measured by the PN parameter
Details of this procedure are provided in accompanying Mathematica notebooks using the xTensor package [92] , available upon request. We summarize the results in the following subsections, going order by order in the Kerr spin S Kerr = M a and the test spin S,
For the first two lines, through spin-squared order, we give explicit results for H to all powers in the PN parameter in Appendix D. Instead of giving explicit results for our H at third and fourth orders in the spin, we give PN expanded results for a HamiltonianH which is obtained from a canonical transformation of our H via a generating function G( z, P , S) according tō
The canonical transformation brings our Hamiltonian into accord with the test-mass limits of PN results obtained in harmonic coordinates, as detailed below. Our test-spin-squared Hamiltonian does not allow us to compute the contributions H S 3 , H aS 3 , and H S 4 . However, one finds from the PN calculation of [57] that, at the leading PN order (LO), for binary black holes (C = 1),
37) 38) so that these results as well can be "deduced" from our test-spin-squared Hamiltonian. (Note the correspondence here with the EOB prescription of replacing the Kerr spin with the sum of the two individual spins [19] .) At the leading PN orders, the true (finite-mass-ratio) Hamiltonians at second and fourth orders in spin are equal to their test-body limits, so that all of these contributions for finite mass ratios (for binary black holes) can be deduced from our Hamiltonian. The situation for H S 3 is different because, even at leading PN order, the spin-cubed terms (like the linear-in-spin terms) have contributions at zeroth and first orders in the mass ratio m/M , only one set of which can be deduced from our Hamiltonian by exchanging the bodies. However, the complete finite-mass-ratio leading-PN-order results at first and third orders in spin (with a restriction to binary black holes for the third-order terms) can still be deduced from the test-body limit, exploiting a bodyexchange symmetry (given an extension of the test-body results to cubic order in the test-spin).
We now present the PN-expanded results for the testbody Hamiltonian in a form in which the quantities P , S,H and G have each absorbed one factor of 1/m, which removes all factors of m from the equations (i.e., we set m = 1).
No spin
The Hamiltonian to zeroth order in a and S, the pointparticle Hamiltonian, is given to all PN orders by (D1). Its expansion through 2PN, transformed with the contribution
to the generating function in (7.36), with no G 2PN needed, yields
which matches the test-body limit of Eqs. (4.23-4.25) of Ref. [56] (and the original calculation in this gauge of Eq. (63) of Ref. [93] , after a Legendre transformation). The 0PN terms in the first line get no mass-ratio corrections in the true Hamiltonian, the 1PN terms in the second line get corrections at linear order in the mass ratio, the 2PN terms in the third line get corrections through second order in the mass ratio, and so on.
n · P n · a P · S + 4 P · a n · S , 
Cubic in spin
At third order in the spins, at leading PN order, with
56)
H LOaS 2 = 3CM r 4 S 2 − 5( n · S) 2 n · P × a + 2 n · S P · a × S , (7.57) + 3M r 4 5 n · a n · S − a · S n · P × S + n · S P · a × S , which match the test-body limit of Eq. (3.10) of Ref. [57] . These, together with H LOS 3 , receive corrections at linear order in the mass ratio. For binary black holes, all but one term of these can be deduced from our Hamiltonian via body exchanges, with the final term requiring a treatment of test-spin-cubed effects to be derived from the test-body limit. Expressions for our untransformed NLO-spin-cubed Hamiltonians are available upon request.
Quartic in spin
At fourth order in the spins, at leading PN order, with 58) and no other G's, we find
59)
H LOa 3 S = M 2r 5 −3 a 2 a · S + 15( n · a) 2 a · S + 15 a 2 n · a n · S − 35( n · a) 3 n · S , (7.60) H LOa 2 S 2 = 3CM 4r 5 − a 2 S 2 − 2( a · S) 2 + 5( n · a) 2 S 2 + 5 a 2 ( n · S) 2 + 20 n · a n · S a · S − 35( n · a) 2 ( n · S) 2 , (7.61) which match the test-body limit of Eq. (4.4) of Ref. [57] . These, along with H LOaS 3 and H LOS 4 , receive no mass ratio corrections, and the latter can be deduced from our Hamiltonian via (7.37) and (7.38) for binary black holes.
VIII. DISCUSSION
In this paper, we derived a canonical Hamiltonian for an extended test body in a curved background which is valid to quadrupolar order in the multipole expansion and includes spin-induced quadrupoles as well as all other spin-squared effects. We employed a new approach that avoids the Dirac brackets used in previous work and instead enables working with an arbitrary spin supplementary condition at the level of a constrained action principle. This method provides substantial simplifications of previous calculations at the dipolar order and yields novel results at quadrupolar order. We highlighted how a change of the SSC, corresponding to a shift of the centerof-mass worldline, which we treated in a manifestly covariant manner using bitensor calculus, entails transformations of the body's multipole moments, and exhibited the resulting modifications of the action. While our analysis focused primarily on variables determined by the Newton-Wigner SSC, we provided the explicit translation into variables defined by other SSCs.
We constructed a general Hamiltonian in terms of three-dimensional position, momentum, and spin variables with a canonical Poisson bracket structure to quadratic order in the spin, given in Eqs. (1.1) and (1.2), or (5.17) and (5.18) . By specializing the above general results to the case where the background spacetime is Kerr, we arrived at an explicit expression for the canonical Hamiltonian of the relativistic spinning two-body problem in the test-body limit, valid to quadrupolar order in the test body's multipole expansion, given in Eq. (7.31) for a general choice of tetrad whose timelike vector is along the direction of the time coordinate.
Our results for the dynamics allow for fully generic orbits and spin orientations, both of which have not been considered before. We provided compact expressions for curvature couplings valid for generic orbits in Eqs. (6.17-6.20) in a general frame and provided explicit results for two different choices of frame.
Expanding the Hamiltonian in powers of the Kerr spin and in PN orders allowed us to make comparisons with the test-body limits of the results of high-order PN calculations. We found complete agreement with the testbody limits of all available PN results and can obtain new test-body results at higher PN orders. We also pointed out how the complete finite-mass-ratio PN results for the leading-PN-order spin couplings for binary black holes, through fourth order in the spins, can all be inferred from the results in the test-mass limit through an EOB-like identification of variables.
While much of our analysis and many of our intermediate results are fully covariant, our final result for the Hamiltonian in Kerr depends on a choice of coordinates and a choice of tetrad. We showed that expansion of the Hamiltonian and comparison with PN results can be relatively easily accomplished using Boyer-Lindquist coordinates and the "quasi-isotropic" tetrad, though we also explicitly related this tetrad to the tetrad used by Carter which diagonalizes the electric and magnetic components of the Weyl tensor. Other choices of coordinates and tetrads are likely to yield other useful forms of the Hamiltonian and can readily be used in the general expressions we provide for the Hamiltonian.
This implies that the component values of the worldline quantities are actually transformed. However, since geometrically this is just a parallel transport, we refrain from denoting this change by a tilde on the indices in this section. Notice that ∆ξ µ = 0 is just a restatement of the geodesic equation for the worldline shift ξ µ . Since the action is a scalar, the ordinary variation δ and the covariant one ∆ can be used interchangeably,
+ 3 √ w n · a n · S 1 + P 2 + √ w(1 − √ w)( n · P ) 2 Q(Q + m) + 3 √ ŵ Q(Q + m) P · a P · S − n · P n · a P · S − (1 + √ w) n · P P · a n · S , and
where 
